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FOREWORD
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Weaver, Jr., SSD (SSON), for review and approval.

Approved
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the report's findings or conclusions. It is published only for the exchange
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Colonel, USAF
Director for Development
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ABSTRACT

Lower bounds are obtained for the covariances of the

orbital elements of an initially circular orbit due to omissions

of harmonics of a given degree in the expansion of the earth's

gravity potential. This is accomplished Iby applying the

methods of linear estimation theory to the surface gravimetry

results of Kaula, extended to satellite altitudes. Numerical

results are presented for the case of a 1 00-n mi

geocentric orbit.
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SECTION I

INTRODUCTION

Vdith the increased accuracy requirements piaced upon the

investigator in the field of astrodynamics, it has become necessary to

-A ---...•" - Vn-f4cionts in the expansion of the earth's gravity

potential in terms of spherical harmonics. However, the inciac'.ci

inherent in omitting harmonics of a given degree have yet to be estimated.

This analysis provides lower bounds for these effects for the class of

initially circular geocentric orbits.
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THE COVARIANCE EQUATIONS

It is assumed that, for small deviations from circularity, the elements

of an initially circular geocentric orbit are governed by a linear system of

differential equations of the form

dAX(t F(t) AX (t) + G(t)u(t) (i-a)

whe re

X = a 6 X i column vector representing the two body orbital
ele ments

u(t) = a 3 X I column vector of zero mean representing the
forcing function

F(t) and G(t) = 6 X 6 and 6 X 3 matrices, respectively

A = a deviation from circular values

t = the Lime

The sulution to this. systcm of equations is

t

AX(t) * 0(t, to)AX(t0 ) +1 f (t, T) G(r) u(T) dT (i-b)o' t
0

where

o a subscript notation indicating an epoch value

*(t, T) the 6 X 6 state transition maLrix, which transforms perturba-
tions in the orbital elements at time r into perturbations at
time t.

IN I",



Now, since this analysis is limited to initially circular orbits, we have from

the definition of A1

0]A.4 (to 0 0

Thus, Eq. (i-b) can be rewritten

AX(t) f.(t. T) G(-r) u(T) dT (i-C)
to

Further, noting that u(t) is of zero mean, from Eq. (I-c)

COV (t)(q] f f (t, T) G(T) E (T) uT(, GT(I) OT(t, n) dr d,,

t t
0 0

where

E = an expected value

COV = the covariance

The quantity X is now equuted to the following set of orbital elements

(see Fig. 1):

p = radial separation between the satellite and geocenter

v speed of the satellite

- angle between the radius vector to the satellite and the velocity
vector

i the inclination

Slongitude of the ascending node

= angle in the orbit plane between the point of mraximum declination
and the instantaneous satellite location (positive in the direction of
satellite motion) i. e. , the argument of latitude minus wf/2 radians.

-4-
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J

It is convenient to replace time by , am the independent variable (and

conversely to replace [ by t as an orbital element) thus modifying Eq. (2) to

C [:] =( r) G(T-) £ l[u('r) •T(] GT(.,) OT(t. .) di ,In

0 10

(3)

Prior to direct integration, ,xpressions for the terms appearing in Eq. (3) as

functions of the orbital elements and the components of the forcing function

must be found. The analysis to accomplish this purpose follows.

:,•. "t-6-
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SECTION III

EVALUATION OF TERMS APPFA¶UING
IN THE COVARIANCE INTEGRALS

Neglecting second and higher order terms in AX yields in the absence

of the forcing function (Ref. 1)

_PO

L A i o a P A

d Po Vo0

( 2
(A 14 0 V0

(4)

d/ t

id~, 1Ap. -• Av

Extending Eq. (4) to include the effects of the perturbing accelerations as

given by the Gaussian equations of motion with ý replacing time ae independent

variable (see e. g., Ref. 2) yields

- 7-



Iwo
dAp -

dý -Po

PO

d 0o V

00
dAP =LAPZ~ PaL Vdý p 0  V0  V 2

0

(5)

dAi po sin ,

0

2

dAt i P0  Po cos cosi-A- -L-- Av+ Sil W0o v v sin i
a 0

where R, S, and W are the components of the perturbative acceleration; R

lying in the direction of the increasing radius vector, W in the direction of the

moment of momentum vector, and S in the instantaneous orbit plane with sense

such that R, S, and W form an orthogonal right-handed set. It should be noted

that Eq. (5) is equivalent to the matrix Eq. (i-a) with , replacing t as the inde -

pendent variable and

Ap

Av

AX (6 -a)
Ai

L At

-8-
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0 0 "Po 0 0 0

0 0 v- 0 0 00

o 2 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

o PO 0 0 0 0

00 0 0 0

0 o 0

0

o 0o 0

2

v0

0~ 0

2

o 0 -
Vr

o o or

V sin i

0LO ~ -PoC° T coal
- 3 sin i
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Since all of the coefficients appearing in Eq. (4) (or Eq. (6-b)] are constants, I

it is a straightforward matter to solve this system of equations for the transi-

tion matrix yielding

ZPo

0) 0 D COM--3_Psný-T 0 0

0 0 0 0 t 0

Po 2Po

0V .[( Z "(
Q0

The R., S, and W components of the correlation matrix of the forcing

function, due to effects of harmonics of given degree, are derived in Appendix

A. This is accomplished by extending the surface gravimetry results of

Kaula (Ref. 3) to satellite altitudes. Examination of these results shows all

three components to be linear combinations of cosines of integer multiples

of the satellite separation angle. Further, assuming these components are

not cross -correlated yields a correlation mnatrixc with terms of the form

S-i0-

II



Scosx., 1 (r-11) 0 0

E [u(T) uTl 1 iJ 0 p CON X 2 (T - 0•) (6-f)

0 0 Y cos X3 (--

where a, I, .• and the 4ntegers XV% X2 , ) are defined in Appendix A.

I3
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SECTION IV

EVALUATION OF THE COVARIANCE INTEGRALS

It should be observed that a difficulty associated with the limits placed

upon Eq. (3) is the implicit assumption that the covariance of the orbital

elements is correlated with a monotonically increasing separation angle ,.

Of course, separation central angles are never greater than ir radians. For

pu-poses of the present analysis, this difficulty is ameliorated by neglecting

correlations beyond a preselected separation angle denoted by A (where A 5 ir).

This necessitates reformulating the right hand side of Eq. (3) as the three

double integrals

fo+A

fOV0 X( )] I(T, 'i) d-r d-q
;o ýo

S-A T+A

+ I(_ , (, ) dT d-q (7)

+ I(T, 11) dT drl

T-A -A

where

L(T, i) = The integrand of Eq. (3) =(t1') G() E [U(T) UT W1 GT(• W T(t, )

The (shaded) area in the T, n plane over which Eq. (7) is integrated is shown in

Fig. a. Of course, Eq. (7) holds only when 0 - 2 ZA. It should also be

-13-
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Figure 2. Regions of Integration for the Covariance Equation
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I -
noted that as formulated Eq. (7) yields only a lower bound for the covariance

of the orbital elements since it completely neglects the covariance arising

from re-crossings of previous ground traces, (i. e., it is equivalent to the

assumption that the satellite passes over new topography with each revolu-

tion). Substituting Eqs. (6-d), (6-e), and (6-f) into Eq. (7) yields, after

"direct integration, the symmetrical matrix

AP a, 1  a 1 2  a 1 3  0 0 a 1 6

IAV a 2 1  a 2 2  a 2 3  0 0 a 2 6

S a 3 1  a 3 2  a 3 3  0 0 a 3 6  (8)

Ai 0 0 0 a 4 4  a 4 5  a 4 6

A a 0 0 0 a 5 4  a 5 5  a 5 6

At a 6 1  a 6 2  a 6 3  a 6 4  a 6 5  a 6 6

where the rnatrix elements are given in Appendix B.

I .1
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SECTION V

NUJME RICAL EXAMPLE

In order to perform the summation in Eqs. (A-14), (A-17), and (A-18),

numerical values are needed for the degree variances o,2 . For this purpose,
n

the results obtained by Kaula in Refs. (3) and (4), for the degree variances of

the terrestrial free-air anonialous gravity field degree variance, are

adopted. These values are illustrated as a function of degree n in Fig. 3.

Unfortunately, Kaula has only determined dcgree variances through n = 32.

At n = 30 he obtained a negative degree variance, a result which is theoret-

ically impossible as indicated by Eq. (A-13). Hence, for this analysis, de-ree

variances beyond n = 30 were represented by a-2 = 35. 09 (0. 9 4 9 )n (a rela-
n.

tionship chosen so as to approximate degree variancer below, and be well
behaved above, n = 30). The solid line in Fig. 3 illustrates degree variances

obtained from this relationship. Below n m 30, Kaula's degree variances

were utilized. Further, correlations beyond separation angles of 1T radians

were neglected, i. e., A was set equal to 7.

The degree variances described above were then utilized to obtain

numerical results for the diagonal terms of the matrix comprising the right

hand side of Eq. (8). In Figs. 4 through 9, the graphs of the square root

of these diagonal elements (representing the standard deviations of the

orbital elements) are presented as a function of revolution for the case of a

satellite in a circular, 100-n mi polar orbit. A small oscillatory component

superimposed on the seculh.r trend has been smoothed out of these figures.

Each of these figures consists of three curves corresponding to three

assumptions regarding the gravity model. The curve with the largest ordi-

nates was obtained by summing from n = 2 to n = 50; that with the second

largest ordinates by sumn-ing from n = 7 to n = 50; and that with the smallest

ordinates by summing from n = 13 to n = 50. The exclusion of the contribu-

tion uf the lower degrees terms in a spherical harmonic representation of the

geopotential is equivalent to the assunption of a perfect knowledge of the

-17-
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effects of these terms on the orbit. Therefore, the curves obtained by

summing from n = 7 to 50 correspond to the assumption of a perfectly known

gravity model through the 6th degree terms whose effects have been included

in the orbit prediction and those obtained by summing from n = 13 to 50

correspond to the assumption of a perfectly known gravity model through the

12th degree terms. Since the degree variances have been calculated from

free-air anomalous gravity data, the n = 2 and n = 4 degree variances do not

include the preponderant portion of the J2 and J4 terms of the terrestrial

gravity field. Thus, the n = 2 to 50 case corresponds to an orbit prediction

using good approximations to J2 and J4 and an exact GM. The decision to set

the upper limit of the summation to 50, while somewhat arbitrary, may be

justified from examination of Table 1. This table, which was computed assum-

ing a constant degree variance of 10 mgalZ for all terms, presents the contri-

bution to the variance of the orbital elements of selected values of n, normalized

with respect to the value associated with n = 2, at the end of 16 satellite revolu-

tions. The fall-off of each of the values with increasing n appears to justify the

truncation of the summation at n = 50. Since a satellite in a circular orbit at

an altitude of 100 n mi will complete approximately sixteen revolutions in one

day, Figs. 4 through 9 yield the standard deviation in the prediction of the

orbital elements during an interval of approximately one day. The uncertain-

ties in the orbital elements can be translated into radial, along-track,and cross-

track position uncertainties by noting that Ap is the radial component, Ai and

A G can be transformed into the cross-track component for polar orbits, and

At can be transformed into the along-track component. One-sigma values of

these components for a one-day orbital prediction resulting from the use of an

incomplete gravity model, as obtained from Figs. 4 through 9, are sum-

marized in Table 2.

-25-
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APPENDDX A

DERIVATION OF EQUATIONS FOR THE CORRELATION
OF THE FORCING FUNCTION

If the ith component of gravity is specified on the surface of a sphere

of radius r° am gi (8, X) where 0 and X are the apherical coordinates,

colatitude and longitude, respectively, and the value of the ith component of

gravity located at the point V', k with respect to the point 009 xo in the 0, X

coordirnate system is gi(O', V'), then the covariance between values of the ith

component separated by an angular distance 4,, C(tP), is

= f P, f gi(eo, Xo)gi(i, X')eX' sin odOodko (A-i)
(OX) 0

where the gravity covariance is defined as the average of all possible

products of the ith gravity components separated by the arc distance I.
The radial component of the covariance is most easily-derived and will

be considered first. If the gravipotential expansion (u is considered to be

U(r, e0 X) = PE(c + Jn P(cos 0) con 1n(k - X

m r m co np~o fos ni(nn=2 m
(A-Z)

where

S= the product of the universal gravitational conatant and the mass of

the earth

a = the earth's equatorial radius

r = the vehicular separation from the geocenter

A-i
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Pn = Legendre polynomials of the first kind of degree n

p M= Legendre associated functions of the first kind of degree n
and order m"

J and 3 r = coefficients of zonal and non-•onal harmonics, respectively,
n n

then the radial component g r of anomalous gravity on the r-ihere is

°u0
rU J-1 (n + n)

gri')L Y- 2 'IF.( r [Jnp(cos
0

n
a jnPm (cos 8) cor m(n n nm)]

(A-3)

with a similar exl~nsion for gr (0', XI)

gr(e', ) ..- r-) (n + 1) n (eo8 X )P (cqs 0)
r nn= 1

+ . j(10 ,Xo) P, (cos 0') Cos M(X' -*

m= im 0 ) n m

(A-4)

* " where the expression for J'(81 X) will be determined later. From Eq.
n 0

(A-L) the averaging proceas over the X' coordinate is only performed on

g(r W, X"). Mence, all non-zonal terms will average to 0. Taking the surmma-

tion outside the integral yields for (A- i]'

C'E•) =_o.• n._Pn(Cos 9f( ( W (GO) 0 de0 d).

(A-5)

A-Z



The relationship for 3' can be established from the following consid•.rations.

At every point on the sphere g r(0'e ') x gr(O. X); therefore

ftPn(cos e,) g X(' ) d S' = IfJP(coo 0') gr(0, X) dS (A-6)

where S is the spherical surface and dS is an element of area. From the

orthogonality properties of P'.(cos 0), the left side of (A-6) given

if (P I% )
ni C 00
Zn+ I

Now
n

Pn(coo 0') =P (cos ) Pn(cos 00 + 2 E - 7
m=-

P M 0(CO, E) Pm(cos e ) C.o[. ri(X (A-7)
n n 0

If we let JnM cos mx.m a, Ann, Jnm sin i•,i. = B1m, then integration of

the right side of (A-6) yields
n

n(0 o o) = JnPn(coo 0o) + E [ "nmPni(cos eoY 0 r

4 B P n(cos eQ 'in mXo] (A-8)

Define the normalization fac!tor for spherical harmonics as

rr.o (n + m) (A-9)

A-3



Sif m °
where 6 ms = if m=O is the Kronecker delta.

Then, substituting (A-8) into (A-5) allows the integration to be

performed by inspection yielding

2~ 2~i2 .~ 2  n~co 2Nn 0)2N 2
C = Pn(coo . n, 0) J + (n, m)(A2  + B

n n nmr

(A-. 10)

or using the bar superscript to indicate a normalized coefficient

C M i - Z (A, 11
Cr(,) = (n+i)2 (n)2PnlCOs . n2((oo + n + h)A.i)

Kaula (Ref. 3) defines the anomalous gravity covariance on the earth's surface

by

00

C(S) Pn(Cos S) (A-12)

where the degree variance
' n

Cn, M nm n m

Recalling that

nm a-• nm

A-4.
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o1

Eq, (A-It) may be expressed in terms of Kaula's degree variances by

jr-.
4 • n + 1V/a2n 2

Cr1 _(7- F-)rn Pr(O ~ (A -14)

The covariance of the horizorntal components of the gravity is con-

siderably more difficult to derive by the methods used to obtain the covari-

ance of the radial component, However, Kaula (Ref. 3) gives the covariance

of the deflection of the vertical in tex'rku. of the component p parallel to the

great circle arc joining the '.wo points and the component - perpendicular

to the line joining the two points. These components, in the case of interest

here, represent the along-track and the c roa.-track component, respectively.

Noting that, to a very good approximation, the horizontal component of the

anomalous gravity field is just the total gravity force multiplied by the

def.ection angles (in radians), Kaula's resultu can be used to obtain for the

along-track covariance at the earth's surface

____ 2 rP(cos a4
C ) ( ( n a os) n(n + 1)- (A- 1S)

s (n -1) n

and for the cross-track covariance

r 2112ýo. Pzn. (cQs )
0, (,)- •+l n ? +c os ) -.- os

n )- I . n .(+ I)- (A- 16)

where (cos •) and p2 (cos 4j) are .lgendre aosociated functions. Kaula
2

obtained the above results in terms of crn by different'iating the e;.pression

* relating geoid height to the geopotential and squaring. On a sphere of radius

r•., the expression for the radial covariance of degree n is given by the

product of (aY(n-+4 and the expression on the iurface. Hence, to convert\re

A-=S



Kaula's results to a sphere of arbitrary radius ir0 each terrni of the summation

of the right hand sides of Eqs. (A-IS) and (A-t6) inuat be multiplied by
(a--)Zn+4 yielding

4k~ p( Ico
C(a) = (n + i)n 2n n-

C s() = - A (cos n) + (A-18)
u-2 2(n - 1 )\ n 0nn t)

However, it is noted (see e. g. , Ref. 5) that

Pn(cOB ?2nh= t.n 2k)n co(n- Zk) L (A-19)

k=0

I and that

2 312 r -+

k=o r (j)k I (n -k -) 1~

1 osn* .cst
tcos(n -2k- 2) cooln - 2k - 4)+ - 1-coon -Zk)qj (A-20)

Thus, une sees that ail 'e covariance functions can be expressed as linear

combinations of cos (Xý) terms where X is an arbitrary integer. In other

words, substitution of Eqs. (A-19) and (A-20) into Eqs. (A-t4), (AtA7), and

(A-i8l yields zove•riance components of the form given by Eq. (6-f) in the

text.

4 LA-6
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APPENDIX B

EXPRESSIONS FOR ELEMENTS APPEARING IN THE COVARIANCE
MATRIX OF THE ORBITAL ELEMENTS

Lower bounds for the covariance of the orbital elements are obtained

from direct integration of Eq, (7) where the elements of the integrand are

given by Eqs. (6-d), (6-e), and (6-f). The resultant solution is given by the

symmetrical matrix, Eq. (8), in the text.

Ap a1 1 , a 1 2 , ay1 3  0, 0, a 1 6 ]

Av a z,, a 2 2 , a2 3 , 0, 0, a 2 61

Ap3 a 3 1 , a 3 2 , a 3 3 , 0, 0, a 3 6

COV (B-I)
I Aj, 0, 0, 0, a 4 4 ' a 4 5 ' a 4 6

AQ2 0, 0, 0, a 5 4 , a 5 5 , a 5 6

L t a 6 1 ' a 6 2 ' a 6 3 , 64' a 6 5 ' a 6 6

whe re

4
a i 1ll 7 (aXilI + 4PY II

Vo

3

aiz :a 2  -3 (-oX1 2 + 2PY 12)
V

3Po

13 =a 3 1 =-4 0 3)
V

0

B-i



I-1

p04

S16a26=1 -2- ((• aX 1 6 + 16)

vov

0

2

22 = a (aX2 3 " 22 )
V 0

2

a 3  a 3  pa~ (aX2 3 - 2pY2 3

"3
PO

a 26 -a 6 2 = -T (-2aX2 6 + PY2 6 )
V

0

2P0
a 0 +33 = - (aX3 3 + 4PY 3 3 )vo

3

a 3 6 = a 63 =+ 2Y 36 )

0

2
PO

a4 4 V••yZ 4 4

0

2

a4 5 = 4  Po ! yz

0

3PO Cos
a 4 6 =a 6 4 = E- 1 YZ4 6

0
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Iit

2

£55= 0- 1 YZ5
o
0

3
- o Cos i

S6 a65 -. 92 . YZ56
V s1n 1

0

4 2.0 con Ia6 6 = ( QX66+ pY6 6 + YZ6 6

0

and

4o.(; - o 0 A) ,in A con A]

+ Cox C - ; o)[Co,•(ý t o) coo. XA coo(t t 0, A)] + 11

+ X sint .Acos A(-Z(t- - A) + uin Z(; - -o " A)]

- 5 sin A - co(; -o "ZA)sin(, - -o " A)

+ sin(; - ;,o)Coa(;, - 0 A)-

+ 2X2 -(;, - to " A) sin A coo %A

+ sin (, - 0of.in(t - , 0) - co. XA sin(t - A)]}

+ x 3 sin kAlcom A[ 2(; - ; 0 - A) - sin 2(; - 4, 0 A)] + sin A

sin(; - 3dos(. - to A)

+ coS({ to -ZA)sin({,- , - A)}
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y .. = (1 - coo XA) + 4X sin XA(( - -o A) -'sin(; A

+ 2x 2 Icoo XA[(( - - A) sin A - sin(; -o)sin( -o -A)o 0 0

+4- 2cos(t-t - A)- 2coo A]

+ sin 2(; - to ) - 2 + z coo(ý - ;o)A

+ x 3 sin %A[ - 2(t - ;o 0" A)(4 + coo A) - 7 sin A

+ sin(; -0• - A)coe(rt, r.o0- 2A)

- in(L - •o)CS(t - to -A) + 4 sin(L - Lo 0 A)

+ 8 sin(; o cos A sin 2(t, - "o A)]

0

2x X)4 {cs)A- (t - to - A) sin A 2 + q 2 cos(• - o "A)

+ coo A -coo(; -o)Cos(; • A)]

2

+ i + Cos G• - L,) 2 coo(; •)

00

3

+X sin XA[( 2t- o -A)(2 + coo A) - 4 sin(; -- A)

o0 0

- 4 sin(; - 3 s A •in co Asin2(2- to - A)

- sin(t to - 2 co(, -to 2A)

+ Gin(; - o)cos( - o- A)J
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x Jx 1z" = X~ii!

S - (i) con XA) + X min >%A[ - ( - A) + 3 sin(t - t0)t12z 0 ~ ' )z",

+ X21co XA[-a(- M - to A) sin A + 3 coo3(t - to - A)

+ 3 cos A -4 + 2 sin(t - 4 0)3in(t - to - A)]

- 3 cos( - t + i .- 2 sin2 -

+ x sin XA[2(t - t- " A)(2 + cos A) - 6 sin(; - to)

-4- 6 minA - 3 sin(; - to - A)

+ coo A min 2(t -• A) - s in( 0 -• A)cos(ý - 2e A)

t+ ain(- - )Co( o - A)

-+ 4 1cos XA[2(Z - -o " A) sin A - 3 cos(ý - - A)

coa A + 2 + 2 coao( - ;0)coc(t - o A)]

+ 3 coo(r, - ) -- 2 cos (t. -to)[

+x5 sin XA[- 2( - " A)(I + con A) + 3 sin(4 - 0)

+ 3 sin(; 40-o A) - 2 sinA

-coo Asin 2(t to - A)

+ sin(t t - o A)cos( =o 2A)

- i•(C - •o)Cs(ý -,ro -A)]



rr3 i XA[3 Sin(t - Z)cos(t~ - A)

S.)'nAin A coo -M A)

- - A)CO - -in M -o)

sin XA sin(;, o)zin(l 0 "A)

+ X2 lcos XA [sinA, " 4o - A) -2 sin A

+ - -A)cos5(ý 

2 A)

i- -n )Coo(; -oo A)

- 2 cog(; - ; 0 )sin(L " 0 A)] + sin 2(M, " l)

-+ zx3 sin XA sin(4 - k osi -"A)o ]

.. _ sin XA tCos( - -of]

l+)coa XA [2 inG -;0 A)

+ Z sin A -C sin% - -o)Cos(ý 
"o A)

+ sin A coAoM- - -o "A)

-"2 sin(•. •°)['cos(-ý)] -

-÷ 2)z gin )A [- 2- +2co5(. - •o) "cos A + cos( " A)

+ sin( - to)sin(;' - - A)] 
--

_--__
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3 co A[- co ( -mn - A)( sin Acoro 2(4 f - A)

si 40 0~o( ; A

"+ ain(t, - 0 )cos(t-0 - A)

+ 2 cos(t, - t )Iain(t - ;o A)]

+ 2 .in(L - [I - co.(r, - )]1

+ 2x 4 sin XA[ I + coo A - coo(;- 0 cas(C, - A)
" •(if " 0 )sin(ý t C0 "A)]j

X1 6 = Y1 3

_- y ) -3in(r, - r.)1I - coo XA)

+ X. inX•A 13(t - t ) - t 0 sin(- 02

0

+ 3A uin(,C - Cpo) - I + coa(r= - o)

+ ){( - Co)[ -z + 2 CON XA + co[.(• - ro

- cos XA co(M - o "A)]

+ co XA•[ .r, siu(t t soain(,-- 4o -A) -sinA

+ 6 sin(;- )cos( - t A)

-2 sin A coo 2(tt - A)
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WI

-sin(L - to- A)cos(t - o- ZA)

+ uifl(t - to)7- 4 cos(G -401

+ x3sin X~A[- 6(t - 402+ 3(ý, - ;0)[ ZA+ 2 sirdL -o

+ sin(ý - to A)]

-6A sin(ý, - to) + 2 - 2 Cos(; -to

+ co A- co(; -o-A)

- 4 sin(t, - to )sin(; - -oA~

+ cos XA cos(~ -A)]1

+ 2sin ~A coo( Z(;-2A

-2 sin(ý, - ~c,-)cs( - 40- A)

-4 r~ - )sin(t - to- A)]

-4 sin(t - ~0)[.-1 - cos(ý

+ g in XA13(t 40~) - 3 t 0 )[A + ain(t - o

+ sin(; - to- A)1

Scos(ý A) + 4 sin(t, - sn( toA



x 22 =x11

y I corn XA + X sin X.AL( o -A)- 2 sin( -o~

+ ZA 2 lcoa XA (t(~ - to- A)sin A

-usin( to )sin( - to - A) coo(;to - A)

- coo A+ 1]

+ COBJ(4 - t ) + 'in G~ - t

0

+X uin A[-j- -oA)(icosA)- o- A

suin (t- A)co u.4 t-A)Zi(, A

- a

+ X~ 4coo XA (-Z(ý - to- A)sin A

+ 2 z-os(t 0- ~A)

-2 coo(t, - 0)( -c0s(t - 0 )l +

B-9



+ X -sn XA t(, - o A)(i + 2 cos. A)

+ sin Z(t - to - A)coo A

-sin(t -t(o " A)cos(t - o 2'•A)

+ sin(t - o)Coo(;, - - A) - 2 sin(, -t

00.2. sin(t - t•o - A) + sin A]]

X 2 3 =X

y.~ 2 sin )XA [I - cos ( - to)

+ x Icon XA[ 3 sin(t - o)COs(t - to - A)

- sin A cos 2 (t - A)

-in(C - o- A)cou(t - to - 2A)

-sin( - t- A) - sin A] + sin(t. - to)

- sin 2(; - to)l

+ x2 sin XA[2 + cos A - 2 cos(o - to) - cos(; - o -A)

- 2 sin(;- t)sin(- -t A)]

+ k Icon kA [sinA cos Z(t - to - A) - sin A

+ sin( t - -A)cos(t - - ZA)

- sin(t - o)COo(t - to "A) .

- 2 com(,- ,)itulo -to A)
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+ sin(4 - o "A)l - ain(4 ;0(,)

+ sin 2(L - t, A

+ 4 nXA- x - co oA ( +co( 0) + cou( -0 -A)

+ 2 sin (t t o)Sin(t, -to - A)]]

X 2 6 = B

-- 3[(-. - to) - 2 sin ( - ; )1(i - cos XA)2Y6 2 k(X2 12 "

+ X sin XAI-3(ý - t,0 ) -) + A]

- 6A sin(; - o) + 2 con(, - o) - 41
20 1x 3(ý t o)[ - coo& -o)+ coo XA cos(t - •o"A)

+1 - cos )A)

+cos XAf- sinA- sin(t-t - A) + 6 sin("-O)

- 6 sin(; - .)eo)(; _ t - A)

4' 2 sin A co,, 2(t - to - A)

4 2 ai (t2 - t - A)coo(4 - ;o 2A)]

- 5 sin (4 - 0 ).+ Z sin 2(t 0 )1

+ zxw 3in XA3(- 0 )2 - 3(t o0 )[A+ 2 sin (•- )

+ sin (4 • - A)]

+ 6A ain(; - ) -2 cos(ý - to)

- cos((- o-A) + cos A +2

B-lit'



4 IB

+ 4 sin(•P -,)sin( - - A)U

+ 4(- •o)[2 cos 2) - 2 cos XA coso( - to " A) -

+ cos XA]

+ Z coo XA[5 sin A + sin(; - 0 A) - 3 sin( o

- 2 sin A cos o(, - -A)

o
- 2 sin(Q, - -)cos(, -o o - 2A)

+ 2 sin(ý t, {)COO(t, • - A)

+ 4 coS(ý - o)Sin(• to - A)]

+ 4 sin(- - 4 sin 2(, -t

5 2
+ x sin KAI- 3 ( 1 - + 3( )[2 sin(t - o0 )

+2 sir. (t - • A) +A]

- 6A sin(t, - o + 2 cos(t - ; 0 )

Scos( -~ • "A) -2 cos A-Z

- 8 sin(; - o)sin(t - oA)I]
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X_. :-~-- -. I It - A) sinAcos XA4.i r -s) R.13 2(X' - I)'- L ."o

- cos XA sin(. - •o)Bin(t - to - A)]

+ X sin %Aicos A [-m(• - 4- " A) - sin 2(ý - o A)]

- 3 sin A + ein(t - -o " A)cos( - -o 2A)

- sin (; - ;o)cos(; - to - A)l

+ 20 [-( "o -A)sinAcos XA - cos A cos XA+ i

+ CosZ( - to) cos XA cos(t - t •o)Cs(; t o "A)]

+ I3 sin XAIcos A[2(m - to A) + sin 2(t - ;o A)]

sin A - sin(G - to A)cos(, - to 2A)

+ sin (t - ro)Cos(; -o -A)d]

y 3 3 = it

- sin XA sin Q,
X3 6 =2

zx (%

+ Zk cos XA[-(• - ;o A) sin A+ sin(t - o )sin(ý - - A)

+ cos(; -0 - A) + cos A]

-i-coo(t - ;,) sin2 (t - to)i

+ % 2 sin XA coo A[2(-, -to - A) + sin 2( - ,- i)]

2 s in(C - o " A) - 4,*in 0•-•)

S- -

+ sin(; - ; 0). on(; to
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+ -3icon XA( - to A)sin A + coo(4 -o)(COo(t A)

-- o(,- • ) I.

+ cos(4 - ro)[ I o - -40o)]1

+ x4 sin XAl- coo A[2(t - - A) + sin 2(; - t- Ag

0
+ sin(t to Ao)cos(4 - ý 2A)+ sn(- )

y [- 3(1 - Cos XA)[ I + -oa(; - o)]
Y36 -2-k2 1)"

+ 3X sin XA[- (•- ;o " Mrcos(t - to ) + sin(; - to I + A]

+ X ( .. )[ -3 sin (t - to) + 3 cos XA sin(t - ;o - A)

-4 sin A coo %A]

+ cosXA 6+-coA+3cos(4 - ro - A)

- 6 con(, - o + 4A sin A

+ 4 coo(; - )oo(; A)]

+ 3 co(; - ;o) - 4 cos 2( - o) -2

+ x3 sin XA l- •,) 6 comt - 4) 3 cos(,-o - A)

+ 4 con A]
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:Ii - U

- 6A cos(; 1 -0 o in(;-

Ssin( - Ao 0 - cz .A It mi A

-2 sin 2(G - o A)cos A

+ 2 cos( t0 - 2A)sin(•t-to - A)

2 sin(", - o)COa(; - ýo "A)l

+X 4I{(, _ •)[ 3 oin(t - o) -3 coo XA sin(t - -o A)

+ 4 sin A coo XA]

+ cos XA [3 - 3 cos A. 3 cos( -to - A)

+ 3 cos(t t= o) - 4A sin A

+ 4 sin(; - o)Sin(-t - A)]

4 sin2 K~ t)

+ 4 cos A]

+ 3A coo(; - 0o + 3 bin ( t - 0 5 sin A

+ 3 sin( - •0 - A) + 3A + 4A cos A

+ Z sin 2(ý - 0 - A)cos A

+ 2 ain(r - ,o o -- A)

- 2 coe(ý - 0 ZA)sin(t - - A)I]

SA.B-1.

"" , .- p-; .• i



44 2(X 2 [2 ( O A) sin 0f), 4' coo to[coo

coB XA coB(;, + A)]

+ coo t[cos • - coo XA cos(; - A)]l

+ sin %AIcos A[ - ?(G - -o " A) - sin 2(ý, + A)

+ sin 2(4 - A)] - 4 sin A

- sin 40 c°SM o + A)

+sin(t, + A)cos(t 0 + 2A) + sin t cos(t-A)

"- sin(;, - A)cos(t - ZA)l

+ 201j"(,-•O " A) sin A cos XA

+ sin ý0[ sin to - cos XA sin(Co + A)]

+ sin L[,sn(4 - coo %A sin(t - A)lJ

+ x sin XA jcos A[2(t - [o A) + sin 2(t. + A)

- sin 2(- A)] + sin o coS(ýo0 + A)

sin(to + A)cos(t 0 + 2A) - sin L cos(l - A)

+ aln(- A)cos(4 - ZA)I]
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z4 ? • , -2 min cos, 2 sin L coo

" + con XA f3 sin 4;o°(o + A) + 3 sin cas(. -A)

- sin(t, 0 +A)cos(t,0 + 2A) - oin(t, - A)cos(t - 2A)

+ 2 min A[ sin 2(t - A) - sin 2( o + A)]}

+X s in XA - sin A[ sin 2(40 + A) + sin 2(;, A)]

+ 2 coB A[sin2 (t + A) - ,in - A)]2

+ XZ[2 [ in;, coo to + 2 sin ý cos t

+ coo XA I- sin t 0 co( 0 +A).uintcos(ý - A)

+ sin(t0 + A)[cos(•. + 2A) - 2 cos t

+ sin(t - A)[cos(t - 2A) - 2 coo

+ 2 sin A[ sin 2(Lo + A) - sin (, -a)]I]

+ x3 sin XAjaln Afoin Z(, 0 + A) + sin 2(t - A)]

+ 2 coo A[ain 2(• - A) - in2(to + A)]I

iI
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- A)sin A ca. XA

+ 2 s�e�i [ (sin o - coo XA sin(•° + A)]

+ Z sin [sin L - Xoa )A sin (, - A)]

+ X sin XAi co A[- Z(- - A) - s iri•2(•A)
0

+ sin 2(to÷ Ad] - 4 sin A

+ sinto co.(r0 + A) - sin ý cos(; - A)

- sin (o + A)cos({o + 2A) + sin(ý - A)cos(; - ZA)I

+ 2 X - 2(-o - A) sin Acoo XA

+ Z Cos o[COS 0 - cos &A coo (;o + A)]

+ 2 coo .J[cos • - coo XA cos(; - A)]j

3+ X sin %Alcoa A[2(l - .' - A) +" sin Z(ý - A) - sin 2(; 0 A)]

-sin o0 coS(to + A) + sin cos(- A)

+ sirt(ý0 + A)cos( 0 + ZA) - sin(t - A)cos(; - 2A)g

Z56  z 5 5

x 6 6  y II

~I ; &. . . 7i, . ....



L"~ 'k A..,
6 6 = 241j 2 LC, ALI It." I pA I "

+ 3 01{3(t= - 40o)2(l - coo X),A

+ coo %.A[3A2 + 4 -8 cos(f, - t~o): 4

+ 8 c.(4 - ; )I

+ 3X• 3 in XA[ z(, - rto) 3 -3A(•, - to) 2

+ 8(t- o -A)coq(t- jo)+ A3 +4A

- 8 oin(. - ýo)

+ zx j- 9(, - 2,o)(i - coo XA)

+ (t - to )[ 12 in( - o)- 12 cos XAsin(t - to - A)

+ 8 sin A cos %A)

+ coo XA- 9A2 + B5 - 20 coo A - 12 com(C - 40 " A)

+ 24 t.os(t - to) - 8A sin A

- 8 c,.(• - ro )COBs( - to - A)] + 5

- iZ co,(, - to ) + 8 coo 2 (, - 4o)l

+ 2k sin X.Af.. 6( t- o)3 + 9A(, - to).

.4(, d6 com(t to + 3 co(r -to A)

+ 2 coo A]

e
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. 3A3 + 15A + 74A cos(o - + 24 sin(, -o)

- 32 sin A+ 12 sin(4 - to - A)+ 8A coo A

+ 4 sin 2(4 - ;o " A)cos A

-4 coo(r - to " ZA)sin( - A)

+ 4 sin(t - to )cos(t - -o A)l

+ 4 -9 o)2( i - cos XA)

+ M - to)[- 24 sin(t - to) + 24 cos XA sin(t - YoA)

- 16 sin A coo %A]

k2

+ cos XA[9A2 - 24 + 24 cosA( +24 o 0( " A)

- 2- cos(4 - to) + 16A sin A.

- ., sin(ý - to)sin(ý - to - A)]

+ 16 sin ( --o)l

+ X 7 sin XA16(4 -u) 3 _ 9A(t -. 2

8 - to)f3 coS(a - 40)+ 3 cos(., -s A)

+ 2 cos A]

+ 3A 2 - 24A cos(t - to - 24 sin(; - 0)

+ 32 sin A - 24 sin(t - to - A) - 24A

16A coo A - 8 sin 2(r,- . 0 - A)cos A

3B-20
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iU

In, -B8 uin([ - Q)cos(ý - -A)

I .
, 

+ 8 c o s (ý 0 - Z A )s in ( • -C o A )

The indeterminacies occuring in the above equations, when k - 0 and when

k= 1, are resolved by direct application of LI-Iospital's rule.
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